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Abstract 

We introduce the notion of a conformal de Rham complex of a Riemannian manifold. 
This is a graded differential Banach algebra and it is invariant under quasiconformal 
maps, in particular the associated cohomology is a new quasiconformal invariant. 
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1 Introduction 



A conformal map between two domains or Riemannian manifolds is a diffeomorphism preserv- 
ing all angles. A quasi-conformal map can be thought of as a homeomorphism which sends 
infinitesimal spheres to infinitesimal ellipsoids w hoses axes are uniformly bounded. The pre- 
cise definition will be recalled below. The theory of quasi-conformal mappings between plane 
domains and Riemann surfaces goes back to the 1920s, it lies at the heart of Teuchmiiller 
theory, i.e. the theory of deformation of Riemann surfaces. It also plays an important role in 
elliptic partial differential equation and in some chapters of applied mathematics as illustrated 
for instance in the book [1] by Lipman Bers. 

Lavrentiev suggested to study higher dimensional quasi-conformal mappings in the late 1930s, 
but systematic investigation began in the early 1960s by Yu.G. Reshetnyak and F. Gehring. 
In 1968, G. Mostow used the theory quasi-conformal mappings in the proof of his celebrated 
rigidity theorem. Since then, the subject has continuously attracted the attention of many 
mathematicians. Recent developments include some generalization to subriemannian spaces 
such as Carnot groups, and more abstract metric measure spaces. See [13] for a very short 
description of the subject. 

One of the important question in the subject is to design quasi-conformal invariants, i.e. 
invariants of Riemannian manifolds which are stable under quasiconformal mappings and 
can thus be used to distinguish non quasiconformally equivalent manifolds. An important 
class of quasiconformal invariants has been derived from the notion of conformal capacity of 
condensers or, equivalently of moduli of curves families. Another invariant is the so called 
Royden algebra: if M is a Riemannian manifold, we define its Royden algebra TZ"'{M) to 
be the space of continuous functions u : M — > M such that du G L''^{M), where n is the 
dimension of M. This is a Banach algebra for the norm 

lkl|-R,"(M) = lkllL°°(M) + ll'"llL"(Af)- 

By the work of M. Nakai, L. Lewis and J. Lelong-Ferrand, we know that the Royden algebra is 
a complete quasiconformal invariant, that is M and N are quasiconformally equivalent man- 
ifolds if and only if TZ^{M) and TZ^{N) are isomorphic as abstract Banach algebra. Another 
example of algebraic quasiconformal invariant is given by the Dirichlet space £^'"(M) of all lo- 
cally integrable functions u : M such that du € L^{M). It is proved by S.K.Vodop'janov 
and V.Gol'dshtein in [26] that two domains with Lipschitz boundaries U,V C M" are qua- 
siconformally equivalent if and only if there exists a lattice isomorphism between C^'^{U) 
and C^'^{V). A third known algebraic invariant is the the space BMO{M) of functions with 
bounded mean oscillation. It has been proved by Martin Reimann in |17j that two quasicon- 
formally equivalent manifolds have isomorphic BMO spaces. These algebraic invariants are 
important from a theoretical viewpoint, but one cannot use the Royden algebra or the Dirich- 
let space to quasiconformally distinguish two concrete manifolds, because these invariant are 
not really computable. 

In the present paper, we describe a version of the de Rham complex adapted to quasi- 
conformal geometry. This is a Banach differential graded algebra which is invariant under 
quasiconformal mappings by Theorem 16.61 below. We call this graded algebra the conformal 
de Rham complex and denote it by Q,*^^^^{M), it contains the Royden algebra in its center. 
We can then define an associated cohomology: this conformal cohomology is then obviously 
a quasiconformal invariant with potentially interesting applications. Contrary to the Royden 
algebra, it is not completely hopeless to try and compute this conformal cohomology; we 
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give in the paper some partial results in this direction. As an application we prove that the 
3-dimensional Lie group SOL is not quasiconformaly equivalent to the hyperbolic space H^. 
This fact is based on a computation of the cohomology in degree 2 and could not be proved 
by standard methods based on capacities, because both spaces are homogeneous spaces with 
exponential volume growth. 

The paper is organized as follow. We first recall some basic facts on the notion of weak 
exterior derivative for locally integrable differential forms. We then define the conformal de 
Rham complex i}*^^f{M) in section 3 and we prove that it is a Banach differential algebra. 
In section 4, we prove a chain rule for forms in f^'^^j and maps of class W^'^. Section 5 
is a digression on conformal capacities and the quasiconformal invariance of ^'^^^ is proved 
in section 6. Section 7 contains definitions and results on the cohomology of the conformal 
de Rham complex. Section 8 studies a notion of interior conformal de Rham complex, 
containing a notion of differential forms "vanishing at infinity" and section 9 studies the top 
dimensional cohomology. The last section contains some applications and some remarks on 
related subjects. 

2 Locally integrable differential forms 

Recall that if {M,g) is a Riemannian manifold and x G M, then the k^^ exterior power of 
the cotangent space K^T*M inherits a scalar product defined by 

A ^2 ^ • • • A 0^ A A • • • A /) = det{g{e\ if^)), 

where e\ip^ E A^T*M. 

A measurable differential form 6 of degree on M is a measurable section of the vector 
bundle A^T*M M. Such a form 6 is said to be locally integrable if 

f \\e\\dYo\g < oo 
Ju 

for every relatively compact subset U CC M. We denote by Lj^^{M, A'') the space of locally 
integrable differential forms of degree k on M, and by C^{M, A'') the space of /c-forms of class 
. Finally Cq{M, A^) is the space of fc-forms of class C" with compact support. 

The exterior differential is a well known operator d : C^{M,A^) C^~^{M, A^~^^). There is 
also a notion of weak exterior differential for elements in L\^J^M , A^): 

Definitions a.) One says that a form 6 G L\^J^M , A^'^'^) is the weak exterior differential (or 
the exterior differential in the sense of currents) of a form (f) € L\^^{M,A^) and one writes 
d<f) = 9 \i one has 

[ eAu; = (-1)'=+^ / (j)Aduj. 
Ju Ju 

for any oriented open subset U C M and any smooth form u> G C^{U, A'^~^) with compact 
support in U. 

b.) A sequence {aj} C Lj^^{M,A^) is said to converge weakly to a G Lj^^{M,A^) if and only 
if 

lim / Oj Au> ^ / a Au! . 
Ju Ju 

for any oriented open subset U C M and any lo G Cq°{U, A'^~^). Convergence in Lj^^ implies 
weak convergence. 
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Proposition 2.1. The weak exterior differential satisfies the following properties: 

i) IfOe L\^^{M,A^) satisfies 9 = dcj) for some (j) e L}^^{M, A''-^), then dO = 0. 

a) Let a G L}^^{M,A'') and (3 G L]^^{M , k^'^^) . If there exists a sequence {uj} C C^{M,A^) 
such that aj — > a and daj (3 weakly, then da = [5. 

Proof (i) The first assertion is clear, because for any smooth test form a;, we have dduj = 0. 
(ii) For any smooth (n — k— 1)— form ui with compact support in an oriented domain U C M, 
we have from Stokes formula fjj d{a Auj) = 0. Hence 



/ a A = lim / aj A duj = lim / daj Auj = (-1)''+^ / 

Ju j^^Ju Ju Ju 

By definition of the weak exterior differential, this means that da = j3. 



P Auj. 



□ 



3 The conformal de Rham complex 

Given a Riemannian manifold {M,g), we introduce the space 

0^„nf(M, (7) = {uje L"/'=(M, A'^) I dLU G L'^/('=+^)(M, A'=+^)} 

of differential forms of degree k in L'^^^{M) having a weak exterior differential in L'^/^^^^\ 
It is a Banach space for the graph norm 



k fc+1 
l^llconf = \u:r'^dwo\)j " + |dc^|"/(^-+l)dvol,^ " . (3.1) 



Definition The conformal de Rham complex of a Riemannian manifold (Af , g) is the pair 
{ni^^,{M,g),d), where 0«„„f(M,9) = e^i^^Lf s)- 

The name is justified by the following lemma: 

Lemma 3.1. {Q*^^^^{M , g) , d) is a conformal invariant of{M,g), that is if g' = g is a 
conformal deformation of the metric g (where X is a smooth positive function on M), then 
(r2*Qj^£(M, (/'), d) = (r2*Qj^£(M, g'), d), and the norm \\ ■ \\coni is the same for both metrics. 

Proof A direct calculation shows that the L^/'^-norm is conformally invariant on A:-forms, 
see e.g. [TT] . 

□ 

Remark Observe that ^^"onf(Af) is simply the space of L^(M, A") of integrable n-forms on 
M and that ^^°o„f(M) is the space of functions u £ L°°{M) such that du G U'{M). The 
spaces and L°° are not very well behaved Banach spaces, this causes some intricacies in 
our study of the conformal de Rham complex. 

Lemma 3.2. Smooth forms are dense in ^^^onf (-^) /^^^ k > d, that is 



^coniiM) n C~(M, A^) = ^lUM). 
Smooth functions are dense in f^^onf (-^) S^'^ weak convergence defined above. 
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Proof This is proved by regularization, see e.g. (HE], see also [TT] . 

□ 

Definition A Banach differential graded algebra is a triple (A, -jd) where 

a) j4 is a Banach space; 

b) j4 is a direct sum A = (BkeN^^ where C A is a closed subspace; 

c) d : A ^ A is a bounded operator such that d{A'') C A'^'^^ and do d = 0; 

d) {A, •) is a real (or complex) algebra such that xGA^,yGA^^x-yG A^^^; 

e) A is commutative in the graded sense, that is x-y = {—l)^^y-x for any y ^ A^ and x G A^; 

f) {A, •) is a Banach algebra, that is ||x • y|| < 

g) The Leibniz rule holds: 

d{x-y) =d{x) ■y+{-l)^x-d{y), 

for any y £ A and x A^ . 

Theorem 3.3. The conformal de Rham complex {^l'^^f{M),d) is a unitary Banach differ- 
ential graded algebra for the exterior product A. 

Proof It is clear that each f^conf(^^) ^ Banach space and d : ^^conf(^^) ~^ ^c(iif(^) ^ 
bounded operator. That do d = follows from Proposition I2.1f i) above. 
We need to prove that Q'^^f{M) is a Banach algebra, that is if a,/3 G ^l*^^f{M), then 
aA/3e ^'oniiM) and 

||a A /3||conf < ||a||conf • ||/3||conf • (3.2) 

Observe first that if a G f^conf (^) and (3 G n^^^fiM), then 

\\a AP\\^„/(k+i) < \\a\\Ln/k\\(3\\^„/e (3.3) 
by Holder's inequality, since f + ^ = Likewise 

\\{da) A P\\^„/ik+e+i) < \\da\\Ln/(k+i)\\P\\Ln/e 

and 

\\a Ad{(3)\\j^n/{k+e+i) < \\a\\L„/k\\dP\\j^„/(i+i). 
We now prove (13. 2p assuming a, (3 smooth. For such form the Leibniz rule is known: 

d{aAp)=d{a)Ap+{-l)''aA{dp), (3.4) 

and we have, using the three inequalities above. 



|aA/^||conf = \\a A p\\];^„/[k+e) + \\d[a A (J)\\]^n/{k+e+i) 

= \\a A PWi^n/ [k+i) + \\d{a) A (3 ± a A d{P)\\^„/(k+e+i) 

< \\a A /3||^„/(fc+f) + \\d{a) A (3\\^n/(k+e+i) + \\a A d{(3)\\^n/(k+e+i) 

< l|a|lL"/fc||/3|lL"/« + M"llL"/(fc+i)ll/3|lwf + l|a|lL"/feN/^llL"/(«+i) 

< (||a||2,"/fc + \\da\\Ln/(k + l)) ■ (||/3||in/£ + \\dP\\^n/(e+l)) 

= ||a||conf • ||/5||conf- 
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By density of smooth forms for k,£ > 0, the inequahty (|3.2p fohows now for any forms in 
^conf(-^) ^ ^^1^ Leibniz rule (13. 3p . If A; = or £ = 0, but in this case we only have 

sequences of forms weakly converging to a and /?, the argument also work in this case by the 
lower semi-continuity of the norm || • ||conf for the weak convergence. 

We have proved that ^^*onf(-^) is a Banach differential graded algebra. It is unitary, since 
lGl70„„f(Af)cL-(M). 

□ 

Recall that ^^onii^) is a subalgebra of 0*^^j:(M). It is a closed subspace and thus a Banach 
algebra with norm 

Ikllconf = II'"IIl°°(M) + \\du\\L"{M)- 

Definition The conformal Royden algebra of M is the set 

7e"(M) = c(M)noLf(M) 

of continuous function in Q,^^j^^{M). The closure of continuous functions with compact support 
in ^^conf(-^) is denoted by TZq{M). These are closed subalgebras and we have the following 
sequence of closed subalgebras: 

7^^(M) C 7^"(M) c nl^fiM) C o-o„f(M). 

The Royden algebra is not dense in ^^onii^)' particular, Lemma [3.21 does not hold for 
k = 0. 

4 The chain rule for VF^'^-Sobolev maps. 

The following result shows the usefulness of the conformal de Rham complex. 

Proposition 4.1. Let [/ C M", F C M™ be bounded domains and f E ^^^'"(t/,!/). Then for 
any smooth differential form (5 defined on a neighborhood ofV, we have f*(3 € ^l*^^i{U) and 

f*{d(3) = d{f*(3). 

Proof As in the case of smooth mappings, this result follows from the chain rule for 0-forms 
(i.e. functions) and the Leibniz rule. 

More precisely, let us write f{x) = (/^(x), /^(x), • • • /™(a;)), by hypothesis, we have f^ 
bounded and df 'j € L'^(?7, A^) for any 1 < j < m, we thus have f^ G ^conf(^)- P^^" 
ticular, we have df^ € ^^conf(^) ^'^d since J7*Qj^f({7) is an algebra, we have 

A4f^^ A---Adr^ GO^„„f([/) (4.1) 

for any 1 < ii,i2, ■.■,ik < n (this is of course simply the Holder inequality). 

We first prove the Proposition for 0-forms. So let us consider an arbitrary smooth function 
b defined on a neighborhood of V. The chain rule for functions and Sobolev maps (see e.g. 
[7]) implies that f*{db) = d{b o /) in the weak sense. Observe that 

a!(5o/) = r(d6) = f;(|^o/)dr. 
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Our hypothesis imply that bo f and o f are bounded, hence we have d{b o /) = f*{db) € 
L"(C/, Ai) and thus 6 o / e J^°onf(f^)- 

We can now prove the Proposition for a general A;-form. By linearity, it is sufficient to consider 
differential forms /? G C°°{W^, A'^) of type (5 = b{y) dy^^ A dy^'^ A • • • A dy**^. We just proved 
that 6 o / and df^ belong to G J^'onf (f^)> thus 

/*(/?) = (6 o /) dr Adf'A---A df^ € ^^'onf (f^) 

because ^lo^fiU) is an algebra. Now the Leibniz rule, together with d{b o f) = f*{db) and 
d{df^) = 0, implies that 

dirm = d((6o/) Adf^ A-.-Adf^-) 

= d{b of) A df^ A ^ A • • • A df" 
= f* (db) A dp' Adp A--- A dp^ 

= rm- 

□ 



5 Conformal capacity 

Definition Let M be n-dimensional Riemannian manifold and F C U C M a. pair of subsets 
with U open in M. The conformal capacity of the pair [F, U) is then defined as follow 

Capn(F, U) := inf | j |dn|"dvol | il € A{F, U) 

where the set of admissible functions is given by 

A{F, U) := {u € 7^0 (M) | u > 1 on a neighbourhood of F and n > a.e.} 

If Ap{F,U) = 0, then we set Capn(F,?7) = oo. If [/ = M, we simply write Capn(F,M) = 
Capn(F). 

There is a number of important notions related to the concept of capacity, in particular the 
notion of parabolic manifolds and that of polar sets. 

Definition A set S <Z M is conformally polar if for any pair of open relatively compact 
sets U1CU2C M such that dist([/i, Af \ U2) > 0, we have Capn(5 n Ui, U2) = 0. 

Any finite set in M is conformally polar while no set of Hausdorff dimension > is conformally 
polar. In particular a conformally polar set is always totally discontinuous, it even has 
Hausdorff dimension 0. See e.g. [18] for these facts and more on polar sets. 

Theorem 5.1. Conformally polar sets are removable sets for the conformal de Rham complex, 
that is 

n:„,,{M\s) = ni,,{M) 

for any conformally polar subset S \ M. 



■ 
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For instance r2*Qj^f(M") = ^'onii^^)^ since the Euclidean space is conformally equivalent to a 
sphere with a point removed. 

Proof Using Proposition 3.1 in [23], one can find a sequence of function Uj € Q,^^^f{M) such 
that Uj = is a neighbourhhod of 5 and uj — > 1 uniformly on any compact subset of M \ 5 
and J^j — > 0. Using Lebesgue dominated convergence theorem, we see that 

lim IKnjw) — w||j;^n/fe = and lim \\{ujduj) — duj\\^n/(k+i) = 

for any A;- form cu € ^'^^^^{M). We also have from Holder's inequality 

lim \\duj A uj\\]^„/(k+i) < lim • ||u;||^,vfc =0) 

thus, by the Leibniz rule, we have 

lim \\{uju;) - a;||conf = 0. 
It follows that the sequence of bounded operators 

defined by Tj(ij) = UjUJ converges to an isometry between these Banach algebras. 

□ 

Definitions The Riemannian manifold M is conformally parabolic if Capn(F, M) = for 
any compact set F C M. It is conformally hyperbolic otherwise. 



Lemma 5.2. An n-dimensional Riemannian manifold M is conformal parabolic if and only 
if there exists a sequence of smooth functions with compact support {rjj} C TZq{M) such that 

rjj — > 1 uniformly on each compact set and lim / \drjj\^ = 0. 



Proof Assume that M is conformally parabolic and choose a sequence Di C D2 C ■ ■ ■ C M 
of compact sets whose union is M. By hypothesis, we have Capn(-Dj, Af ) = 0, hence one can 
find for each j a function uj € TZq{M) such that uj > 1 on Dj and Jj^j \duj\'^ < The 
desired sequence is obtained by trunction: rjj = min{max{nj, 1}}. 

Conversely, if such a sequence {ijj} exists, then Capn(-F, M) = for all compact set F in M 
by definition and M is thus conformally parabolic. 

□ 

Remark The notions of conformal capacity, parabolic manifolds and polar sets have been 
intensively studied, see e.g. [U [151 [HI [I8l ESj [29] among other works. The conformal capacity 
is essentially equivalent to the notion of modulus of families of paths. 
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6 Quasiconformal maps 

Quasiconformal maps have been intensively studied since, see e.g. \2A\ [27} [28| [T3] for some 
background on this subject. Let us recah that a map / : {M,g) — > {N,h) between two n- 
dimensional Riemannian manifolds is said to be quasi- conformal, if it satisfies the following 
properties: 

i. ) / is a homeomorphism; 

ii. ) / G Wl^^{M, N), where n = dim(M) = dim(A^); 

iii. ) there exists a constant K such that 

Id/.r < A'|Jj(x)| (6.1) 

almost everywhere, where \dfx\ is the norm of the weak differential of / at a:: G M and 
Jf{x) is its Jacobian. 

This is the analytic definition, there is also a well known geometric definition: 

Theorem 6.1. The homeomorphism f : {M,g) — s- {N,h) is quasiconformal if and only if for 
all X in M we have 

g^p snp{d{f{x),f{y)y,d{x,y) = r} ^ ^ 
r^o mf{d{f{x),f{y));d{x,y)=r}~ 

for some H < oo. 
See e.g. [SI 127]. 

□ 

Remarks A continuous map f : M ^ N satisfying the conditions (ii) and (iii) is called 
a quasiregular map or a mapping with bounded distortion. These maps are an important 
generalization of the class of quasiconformal maps, basic references on them are the books 

da [19]. 



Theorem 6.2. Any quasiconformal f : {M,g) — > {N,h) satisfies the following properties: 
a) f is differentiahle almost everywhere; 

h) f maps sets of measure zero in M to sets of mesure zero in N (this is called the Luzin 
property); 

c) the inverse map f~^ : N ^ M is also quasi- conformal; 

d) the composition of two quasiconformal maps is again a quasiconformal map; 

e) the "change of variables formula" for integrals holds: for any measurable function v : N ^ 
M_l_ on N , the pull-back v o f is measurable on M and 

{v o f){x)\Jf{x)\dYo\g{x) = / v{y)dvolhiy) . 
M Jn 

see \2A\ [T8] for proofs of these facts. 

We quote two additional classical results on quasiconformal maps: 
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Theorem 6.3. Two manifolds M and N are quasiconformally equivalent if and only if the 
Roy den algebras TZq(M) and TZq{N) are isomorphic as abstract Banach algebras. 

This is a deep result of J. Lelong-Ferrand, see [6]. 

Theorem 6.4. The homeomorphism f : {M,g) {N,h) is quasiconformal if and only if for 
any pair of sets F C U C M with U open and F compact we have 

Icapn (F,C/) <Capn (/(F), /([/)) <i^Capn(F,C/). 

(See |24j for a proof using modulus of path families instead of capacities.) 

Corollary 6.5. Let f : (M, g) — > (A^, h) be a quasiconformal homeomorphism, then 
i) a subset S <Z M is conformaly polar if and only if f{S) C N is conformaly polar; 
ii) M is conformally parabolic if and only if N is conformally parabolic. 

The proof is obvious after the previous Theorem. 

Theorem 6.6. Let f : (M, g) — > [N, h) be a homeomorphism between two Riemannian 
manifolds. Then f is a quasiconformal map if and only if the pull-back of differential forms 
defines an isomorphism of Banach differential algebras 

r : J7,Vf(iV)^f^'onf(M)- 

Proof Assume that / is a i^-quasiconformal map. Then for any differential form 9 on of 
degree k, we have a.e. 

where K is the constant in inequality (16. ip . By the change of variable formula, we then have 

/ \f*ef^,)r/''dvoig<K [ \ef^,)r/''\jfix)\dvo\g<K [ \ej^,)\Uvoh. 

JM JM JN 

This shows that ||/*6'||in/fe(j.j y^^fe) < K^^^\\G\\L^/k(^jq j^ky likewise, we also have 

II/*('^^)IIl"/{'=+i)(A/,A'=+1) - -^^''"^"^■'^"M^llL"/('=+i)(Ar,A'=+i)- 

We thus have proved that /* acts as a bounded operator on the de Rham complexes and 

lir^llconf <i^('+')/"||e||conf. 

It remain to prove the chain rule d[f*9) = f*{d9) for any form 9 in the conformal de Rham 
complex. But for smooth forms, the chain rule follows from Proposition 14.11 Since smooth 
forms are dense in the conformal de Rham complex and /* : f^*onf(-^) ~^ ^conf(-^) contin- 
uous, the chain rule holds for any 9 € f^'onfC"^)- 

Conversely, /* : Cq{N) Cq{M) is an isomorphism because / is a homeomorphism. If 
/* : ^^*onf(-^) ~^ ^conf(-^) isomorphism, then it defines an isomrphism at the 

level of the Royden algebras: /* : TZq{N) TZq{M). By definition, the conformal capacities 
in M and A^ are then comparable and thus / is quasiconformal by Theorem 16.41 

□ 
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7 Conformal cohomology 
7.1 Definitions 

Given an arbitrary Banach complex, one can define a reduced cohomology, a non reduced 
cohomology and a torsion (see [HI [121 [16]). Let us recall these definitions in the present situ- 
ation. First set Z'^^^^{M) := L'^/^{M, A^) n ker d (it is the set of closed forms in L'^/^{M, A^)) 
and 

S,Vj(M) := d (^L"/^'-i(M,A^'-i)) nL"/^(M,A'=). 
Observe that Z^^^^,^{M) C ^^conf(^) ^ closed linear subspace and that 

bLAm) C (M) C Zl^M). 

Definition The conformal cohomology of M is the quotient 

the reduced conformal cohomology of M is 

hIAM) := Z,Vf(M)/;BLf (M) , 
(where B^^^f{M) is the closure of B^^^f{M)) and the torsion is 

Remarlcs: These are vector spaces. The reduced cohomology inherits a norm from that of 
■^conf (-^) ^'^'-^ ^ Banach space. The unreduced cohomology is a Banach space if and only 
if the torsion vanishes. If the torsion T^^^M) ^ 0, then it is infinite dimensional and we 
always have the exact sequence 

^ T^^M) ^ Hl^M) ^ Ht^M) ^ 0. (7.1) 

The conformal cohomology depends on the metric g, and if necessary, we denote it by 
H^^^^{M,g) (and likewise for H^^^M^g) and T^^^M^g). However, it follows from lemma 
13. II that these spaces are conformal invariant, they only depend on the conformal class of the 
metric. 

Lemma 7.1. Z^^^M) is a suhalgehra of^'^^^M), while B'^^M) and B'^^^M) are ideals 
mZl^^M). 

Proof The Leibniz rule implies that if a,/3 S ^'onf(-^) closed, then d[a. A ;9) = 0, thus 
Z'^„f(M) is a subalgebra. Now if a = ^7 e B'^^M) and (3 G Z'^^M), then 

d(7 A /?) = a A P, 

hence a A /? G ^conf(-^) thus an ideal in Z'^^^^(^M^ . Now the closure of an 

ideal in a Banach algebra is clearly also an ideal. This concludes the proof. 

□ 

This lemma immediately implies the following 

Corollary 7.2. The wedge product defines structures of algebra on H'^^^^{W^) , i7*Q^£(B") and 

7;onf(K"). 

Observe also the exact sequence (|7.ip holds in the category of graded algebras. 
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7.2 Relation with Sobolev inequalities 

The Lg^p-cohomology of a Riemannian manifold (M, g) has an interpretation in terms of 
Sobolev inequalities for differential forms [TT]. In the conformal case, the results can be 
stated as follow: 

Theorem 7.3. (i) H^^^^{M, g) = if and only if there exists a constant C < oo such that 
for any closed form 

uj G L"/''(M, A*-') there exists a differential form 9 G L'^/^^~'^\M,A^~'^), such that 
dO = u) and 

ll^llifc/Cfc-i) < C ||a;||^fe/„ . 

(ii) If T^^^f{M) = 0, then there exists a constant C such that for any differential form 
g L"/("-^)(M, A'^-i) there exists a form Q G L"/("-'=)(M, A'^-^) such that dC = and 

||0-C|Il.7(.-i) <C||d^||i„/.. (7.2) 
(Hi) Conversely, if 1 < k < n and if a Sobolev inequality |y.^ holds, then T^^anii^^) ~ ^■ 

Corollary 7.4. For every manifolds, we have T'conf(^-^) ^■ 

Proof Let a; G M be an arbitrary point and U C M be a neighborhood of x. Then we can 
find an essentially unbounded function u G L^{M) and such that du G L'^{M) (see [201 page 
119]) . In particular, inequality (17. 2p never holds. 

□ 

7.3 The Poincare Lemma 

We have the following Poincare Lemma: 

Theorem 7.5 (The Poincare Lemma). H^^^^^{W^) = if I < k < n. We also have 
F,Vf (B") = HloniC^n = ^ <^nd if^f (B") / 0. 

Proof This is theorem 11.5 in [TT] (in that paper, one should assume q < oo and not q < oo). 
The fact that i/^i„„f(B") / follows from Corollary [731 and the equality i7°„^f(B") = M is 
obvious. 

□ 

Whether iJ^j^j(B") and i?"ojif(B"') vanish is still an open question for us. 

Corollary 7.6. The conformal cohomology of the hyperbolic space H" vanishes for any 1 < 
k < n. 

Proof The hyperbolic space is conformally equivalent to the unit ball via the Poincare ball 
model. Thus ^Lf(IHI") = ^Lfl®")- 

□ 
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7.4 Other Results 

For conformally parabolic n-manifolds, we have a better result: 

Theorem 7.7. Let M be a connected oriented conformally parabolic n-manifolds then 
This result is proved in Theorem 19.21 below. 

Theorem 7.8. Any cohomology class (or reduced cohomology class) of degree 1 < k < n in 
M can be represented by a smooth form. 

This is proved by regularisation, see Theorem 12.8 in |llj . 

□ 

Theorem 7.9. Any quasiconformal map f : (M, g) (N, h) defines an isomorphism at the 
level of the conformal cohomolgy 

and likewise for reduced cohomology and torsion. 
Proof This follows immediatey from Theorem 16.61 

□ 

Theorem 7.10. Let M be an arbitrary Riemannian manifold and S d M a conformally 
polar set. Then M\S and M have the same conformal cohomology and torsion. 

Proof It is immediate from Theorem 15.11 

□ 

Corollary 7.11. If Mis compact and N is quasiconformally equivalent to M\S where S C M 
is a conformally polar set, then 

-f^conf(^) = HdeRhamiM) 

and ^conf (-^) ~ ^ /^^^ "^^y 1 < k < n. 

In particular, since M" is conformally a sphere with a point removed, we have H^^^flM."') = 
= for any 1 < A; < n. We also have H^^^j{M.'^) = = IR by Theorem O 

and i/0„^^f(M") = = M for obvious reasons. On the other hand, T^onf(l^") / by 

Corollary Ell 
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8 Interior conformal de Rham complex 

Let us denote by rj^^^jf q(M) the closure of smooth forms with compact support in ^^^^^{M) 

for the graph norm (13. ID . Concretely, a /c-form 6 belongs to Jl^^j^f g(M) if and only if G 

^conf(^) ^^'^ there exists a sequence {9j} of smooth fe-forms with compact support such 
that dOj G L^/^'^+i) for ah j and 

lim \\9 - 6*^ llconf = 0. 

We also define Z^^^, ,iM) = ker(d) n 0^^„„f,o(^) and i?Lf,o(^) = ^(f^co"nl,o(^))- Observe 
that the closure i?conf o(-^^) simply the closure of d (Cq°(M, A'^)) in the space 
The corresponding cohomologies are defined in the usual way: 

^conf,0(^) = ^conf,0(^)/^conf,0(^) and 11^^,0^ = ^t^f /B^^, ^,{M) . 

Proposition 8.1. The interior conformal de Rham complex satisfies the following properties: 
i.) ^^•onf,o(^) ^ ^conf(^) '^^ " closcd ideal; 

The proof is elementary. 

Theorem 8.2. If M is conformally parabolic then VI^^^^q{M) = ^^^^^{Ad) for any k>l. 

Proof The proof is similar to that of Theorem l5.lt Choose a sequence {rjj} £ TZq{M) as in 
Lemma [521 It is easy to check that for any oj G Q'^^^f{M), we have rjjuj G 0^^^^^ q(M), and 
Lebesgue dominated convergence theorem implies that 

lim \\{r]jLL>) — oj\\in/k = and lim \\{r]jduj) — du!\\^n/(k+i) = 

We also have from Holder's inequality 

lim \\dr]j A tj||^„/(fe+i) < lim ||(i?7j||L" ■ II'^IIl"/* = 

thus, by the Leibniz rule, we have 

lim \\{r]juj) -w llconf = 0. 
It follows that LO = lim {moj) G n^„^^Q{M), and thus ^^conf q(^) = ^conf(^)- 

□ 

Remark The proof clearly does not work for k = 0. In fact we have 1 G ^^conf (-^)\^conf o(-^) 
for any non compact manifold (because for any u G C^{M), we have ||1 — M||conf > ||1 — 
^*||l°° ^ !)• 
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9 The integration operator 



In this section, M is an oriented n-dimensional Riemannian manifold. 
Since ^conii^) ~ L^{M,K"-), we have a weh defined bounded hnear form 

/:J7-,f(M)^M (9.1) 

given by integration: /(w) = fj^jUj- 

Proposition 9.1. Let M he an oriented Riemannian manifold of dimension n. Then the 
integration operator given by Ii9.1\) vanishes on B^^^^q{M). Hence there is is a well defined 
hounded linear form 

given by [to] i— > /^/W. This linear form is surjective, in particular H^^^f q{M) / 0. 

Proof By Stokes theorem, the integration operator vanishes on smooth exact forms with 
compact support and thus on B'^^^^ q{M) and B^^^fQ{M) by density and continuity. It is 

thus weh defined on the quotient ^"onf(^) = ^^conf (^)/^conf(^)- S ince we can always 
find a smooth n-form with compact support and non vanishing integral, this linear form is 
surjective. 

□ 

For conformally parabolic n-manifolds, we have a better result: 

Theorem 9.2. Let M be a connected oriented conformally parabolic n-manifolds then the 
integration operator 

L:Xoni{M)^R (9.2) 

defines an isomorphism. 

Proof Since M is conformally parabolic, we know from Theorem 18.21 that L[^^^^f{M) = 
//j,Q^£ q(M) and thus the linear form / is well defined. As observed above, this linear form is 
surjective. 

By Theorem 3 in |10j . we know that a smooth n form iv with compact support has a primitive 
6 S if and only if L{uj) = 0. In other words, if M is conformally parabolic, then 

ker(/)nC7o~(M,A")cS,"„„f(M). 

But C^(M, A") is dense in ^coni,o(^) = ^conf(^)' ^^^^ '^^ve the exact sequence 

^ (M) - n^ondM) ^ M ^ 0. 
Therefore the operator I : H^^^f{M) = 0^„„f(Af)/5;;„f (M) ^ M is an isomorphism. 

□ 

In contrast to the previous theorem, we have 
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Theorem 9.3 (The Kelvin-Nevanlinna-Royden criterion). Let M be an oriented Riemannian 
manifold of dimension n. Then 

is non trivial if and only if M is conformally hyperbolic. 

This result imphes in particular that an integration operator I : H^^^f{M) ^ M is well defined 
only if M is conformally parabolic. 

Proof If M is conformally parabohc, then I{B'^^^^{M)) = I {B^onf A^'^)) = 0- ^he converse 
direction is proved in |im Proposition 1], which says that if M is conformally hyperbolic, 
then there exists P € ^"onf (^) ^^^^ Im ^ ^■ 

□ 

10 Complements 

10.1 An Application to SOL geometry 

Let us denote by 'M? the three dimensional hyperbolic space and by SOL the group of 3 x 3 
real matrices of the form 

e-^ y 
\ 1 

This is a solvable and unimodular three dimensional Lie group. It is diffeomorphic to (with 
coordinates x,y,z) and a left invariant Riemannian metric is ds'^ = e~'^^dx^ + e^^dy"^ + dz^ 
its volume measure is given by dxdydz and is bi-invariant. See |22^ [9] for more information 
on the geometry of this group. 

Theorem 10.1. and SOL are not quasiconformally equivalent. 

This is result is not easy to prove directly, because SOL and H"^ are both conformally hyper- 
bolic, and they both have exponential volume growth. 

Proof is conformally equivalent to the three bah B^, thus Hl^^^{W^) = Hl^^^{M'^) = 0. 
On the other hand, we have H^^^^f{SOL) 7^ 0, a fact proven in [9]. The result follows then 
from Theorem 16.61 

□ 

10.2 Relative conformal cohomology 

Let us now set 

the cohomology of this complex is the relative conformal cohomology, or the conformal coho- 
mology at infinity of M, denoted by H^^^^^ oi^'^)- From the short exact sequence of complexes 

^ l^Lf,o(^) ^ ^^conf(A^) - f^conf(M) - 0, 

we deduce a long exact sequence in cohomology 

• • • - <nf,o(^) ^ ^conf (M) - (AO ^ ^^conf,o(^) ^ ' ' ' • 

Of course, this is useful only for conformally hyperbolic manifolds, since we know from 
Theorem 18.21 that for a conformally parabolic manifold we have Cl*{M) = for all fc > 1. 
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10.3 The local conformal de Rham complex 

It also useful to consider a local conformal de Rham complex: we denote it by ^}y^^^f{M). 
By definition, a locally integrable differential form a belongs to ^i5;onf(-^) only if 

h ■ a € ^conf(-^) ^^'^ ™y smooth function h : M M. with compact support. This local 
complex is a differential algebra, but not a Banach space. It has been introduced in the 
work of Sullivan and Donaldson, see [5]. For any k ^ l,?i, the cohomology of this complex 
coincides with de Rham cohomology (use the Poincare lemma (Theorem I7.5P and the sheaf 
theoretical proof of de Rham Theorem). 

A large supply of forms in ^^i^onf(-^) provided by the following 

Proposition 10.2. Given a locally bounded map f : M ^ N in the class VF^g" between 
two Riemannian manifolds and a smooth differential form to € ^dcRham(-^)' ''^^ have f*{uj) G 
^konfC-^)- Furthermore df*{uj) = f*[dLo). In other words we have a well defined morphism 
of chain complexes 

This follows from Proposition 14. 1[ 

□ 

The local conformal de Rham complex, can be defined without using any smooth structure. 
Indeed, by Theorem 16.61 it is enough if the manifold has a quasiconformal structure, i.e. 
an R*^ valued atlas whose transition between local coordinates are quasiconformal maps of 
domains in R". Sullivan has proved in [21] that any topological n-manifold admits a unique 
quasiconformal structure if n 7^ 4, it follows that on any topological manifold of dimension 
n 7^ 4, we may represent cohomology classes by differential forms in the local conformal de 
Rham complex. 

On the other hand, Sullivan and Donaldson have proved that there are topological 4-manifolds 
which do not carry any quasiconformal structure, and also that there are pairs of quasiconfor- 
mal 4-manifolds which are homeomorphic but not quasiconformally equivalent. Such exotic 
quasiconformal structures even exist on R^, see [5]. 
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